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Abstract
The gauge invariant definition of the spin dependent gluon distribution function from first princi-
ple is necessary to study the proton spin crisis at high energy colliders. In this paper we derive the
gauge invariant Noether’s theorem in Yang-Mills theory by using combined Lorentz transformation
plus local non-abelian gauge transformation. We find that the definition of the gauge invariant
spin (or orbital) angular momentum of the Yang-Mills field does not exist in Yang-Mills theory
although the definition of the gauge invariant spin (or orbital) angular momentum of the quark
exists. We show that the gauge invariant definition of the spin angular momentum of the Yang-
Mills field in the literature is not correct because of the non-vanishing boundary surface term in
Yang-Mills theory. We also find that the Belinfante-Rosenfeld tensor in Yang-Mills theory is not
required to obtain the symmetric and gauge invariant energy-momentum tensor of the quark and
the Yang-Mills field.
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I. INTRODUCTION
The naive parton model predicted that the spin 1
2
of the proton can be obtained from the
spin of the quarks inside the proton [1, 2]. This prediction from the naive parton model was
ruled out after the EMC collaboration [3] observed that the spin of the quarks plus the spin
of the antiquarks inside the proton contributes to a very small fraction of the spin 1
2
of the
proton. This disagreement between the naive parton model prediction and the experimental
finding is known as the proton spin crisis.
The proton spin crisis is still an unsolved problem in particle physics because, at present,
all the combined experimental data [4–7] predicts that the spin of the quarks inside the
proton plus the spin of the antiquarks inside the proton plus the spin of the gluons inside
the proton contributes to about 50% of the spin 1
2
of the proton [8]. The rest of the proton
spin may come from other sources such as from the orbital angular momentum of the quarks
inside the proton plus the orbital angular momentum of the antiquarks inside the proton
and from the orbital angular momentum of the gluons inside the proton [1, 2].
In the parton model the sum of the spin Sq of the quarks inside the proton and the spin
Sq¯ of the antiquarks inside the proton and the spin Sg of the gluons inside the proton is
given by
Sq + Sq¯ + Sg =
1
2
∫ 1
0
dx [∆q(x) + ∆q¯(x) + ∆g(x)] (1)
where ∆q(x), ∆q¯(x), ∆g(x) are experimentally measured polarized quark, antiquark, gluon
distribution functions respectively inside the proton. In eq. (1) the longitudinal momentum
fraction of the parton with respect to the proton is given by x.
As mentioned above all the combined experimental data [4–7] predicts [8]
Sq + Sq¯ + Sg ∼
1
4
(2)
which implies that about 50% of the proton spin is still missing. To remedy this situation
it is suggested in the parton model that [1, 2]
1
2
= Sq + Sq¯ + Sg + Lq + Lq¯ + Lg (3)
where Lq is the orbital angular momentum of the quarks inside the proton, Lq¯ is the or-
bital angular momentum of the antiquarks inside the proton and Lg is the orbital angular
momentum of the gluons inside the proton.
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Since the spin of the proton is a physical observable one finds from eq. (3) that the
Sq+Sq¯+Sg+Lq+Lq¯+Lg should be gauge invariant. In addition to this, since the polarized
parton distribution functions ∆q(x), ∆q¯(x), ∆g(x) are experimentally measured [4–7] one
expects from eq. (1) that Sq, Sq¯, Sg should be gauge invariant.
Note that the definition of the polarized gluon distribution function ∆g(x) in the parton
model in the literature [2, 9] only corresponds to the definition of the spin angular momentum
of the gluon in the light-cone gauge but it does not correspond to the definition of the spin
angular momentum of the gluon in any other gauge. Since the polarized gluon distribution
function inside the proton is an universal quantity in QCD it should be same in any gauge.
This implies that the correct definition of the gauge invariant polarized gluon distribution
function inside the proton in QCD from the first principle is missing.
In addition to this, there is a lot of confusion in the literature about the gauge invariant
definition of the spin angular momentum of the gluon and about the gauge non-invariant
definition of the spin angular momentum of the gluon, see for example, [2, 10–13]. Hence, in
order to study the proton spin crisis, it is necessary to derive the gauge invariant definition
of the angular momentum of the quark and the gauge invariant definition of the angular
momentum of the gluon from the first principle.
The first principle method to study conservation of angular momentum in physics is via
Noether’s theorem by using Lorentz transformation. However, in gauge theory the correct
definition of the gauge invariant angular momentum can not be obtained from the Noether’s
theorem by using Lorentz transformation alone. This is because, in addition to the Lorentz
transformation one must also use the local gauge transformation to derive the gauge invariant
Noether’s theorem in gauge theory to obtain the gauge invariant definition of the angular
momentum from the first principle.
Recently we have derived the gauge invariant Noether’s theorem in the Dirac-Maxwell
theory in [15] and have obtained the correct gauge invariant definition of the angular mo-
mentum of the electron and the electromagnetic field. We have shown in [15] that the notion
of the gauge invariant definition of the spin angular momentum of the electromagnetic field
does not exists and the notion of the gauge invariant definition of the orbital angular mo-
mentum of the electromagnetic field does not exists in the Dirac-Maxwell theory. We have
also shown that the gauge invariant definition of the spin angular momentum of the elec-
tromagnetic field in the literature [2, 10–13] is not correct because of the non-vanishing
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boundary surface term in the Dirac-Maxwell theory [15].
In this paper we will extend this to Yang-Mills theory. We will derive the gauge invariant
Noether’s theorem in Yang-Mills theory by using combined Lorentz transformation plus
local non-abelian gauge transformation in the non-abelian gauge theory. We find that the
definition of the gauge invariant spin (or orbital) angular momentum of the Yang-Mills field
does not exist in Yang-Mills theory although the definition of the gauge invariant spin (or
orbital) angular momentum of the quark exists. We show that the gauge invariant definition
of the spin angular momentum of the Yang-Mills field in the literature is not correct because
of the non-vanishing boundary surface term in Yang-Mills theory. We also find that the
Belinfante-Rosenfeld tensor in Yang-Mills theory is not required to obtain the symmetric
and gauge invariant energy-momentum tensor of the quark and the Yang-Mills field.
The paper is organized as follows. In section II we briefly review the gauge non-invariant
Noether’s theorem in Yang-Mills theory by using Lorentz transformation. In sections III
and IV we derive the gauge invariant Noether’s theorem of the Yang-Mills field and the
the gauge invariant Noether’s theorem of the quark respectively in Yang-Mills theory by
using combined Lorentz transformation plus local non-abelian gauge transformation. The
derivation of the gauge invariant Noether’s theorem of the quark plus the Yang-Mills field
in Yang-Mills theory is presented in section V. In section VI we show that the symmetric
and gauge invariant definition of the energy-momentum tensor of the quark plus the Yang-
Mills field in Yang-Mills theory can be obtained without requiring the Belinfante-Rosenfeld
tensor. In section VII we discuss the non-vanishing boundary surface term in Yang-Mills
theory and the non-existence of gauge invariant spin and orbital angular momentum of the
Yang-Mills field. Section VIII contains conclusions.
II. LORENTZ TRANSFORMATION AND GAUGE NON-INVARIANT
NOETHER’S THEOREM IN YANG-MILLS THEORY
In this section we will briefly review the gauge non-invariant Noether’s theorem in Yang-
Mills theory which is derived by using Lorentz transformation. Although this is well known
in the literature but we will briefly review it here because we will compare it with the
gauge invariant Noether’s theorem in Yang-Mills theory derived in this paper by using the
combined Lorentz transformation plus local non-abelian gauge transformation.
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The lagrangian density of the Yang-Mills field is given by
L(x) = −
1
4
F bνλ(x)F
νλb(x), F bνλ(x) = ∂νA
b
λ(x)− ∂λA
b
ν(x) + gf
bcdAcν(x)A
d
λ(x) (4)
where Aνb(x) is the Yang-Mills potential where ν = 0, 1, 2, 3 is the Lorentz index and
b = 1, ..., 8 is the color index. Under infinitesimal Lorentz transformation the space-time
coordinate xν transforms as
x′ν = xν + ǫνλx
λ +∆ν = xν + δxν . (5)
Similarly under infinitesimal Lorentz transformation the functional differential δAbν(x) of the
Yang-Mills potential Abν(x) is given by
δAbν(x) = −δx
λ∂λA
b
ν(x)−A
b
λ(x)∂νδx
λ (6)
which is not gauge covariant. Using Euler-Lagrangian equation one finds that the Noether’s
theorem of the Yang-Mills field in Yang-Mills theory derived by using Lorentz transformation
is given by
∂ν [F
νλb(x)δAbλ(x)]− δx
ν∂νL(x) = 0 (7)
which is not gauge invariant because δAbν(x) in eq. (6) is not gauge covariant. In eq. (7)
the gauge invariant L(x) and the gauge covariant F bνλ(x) of the Yang-Mills field are given
by eq. (4).
Hence one finds that if one uses the Lorentz transformation of the gauge field alone then
one ends up getting gauge non-invariant Noether’s theorem in Yang-Mills theory given by
eq. (7). On the other hand when one uses combined Lorentz transformation plus local
gauge transformation of the gauge field then one ends up getting gauge invariant Noether’s
theorem in Yang-Mills theory, see eq. (58).
A. Gauge Non-Invariant Energy-Momentum Tensor of Yang-Mills Field in Yang-
Mills Theory From Gauge Non-Invariant Noether’s Theorem
Under space-time translation we find from eq. (7) the continuity equation
∂νT
νλ(x) = 0 (8)
4
where
T νλ(x) = F νσb(x)F λbσ (x) +
1
4
gνλF bσδ(x)F
σδb(x)− F νσb(x)Dσ[A]A
λb(x) (9)
is the energy-momentum tensor of the Yang-Mills field which is not gauge invariant. In eq.
(9) the covariant derivative Dbcν [A] in the adjoint representation of SU(3) is given by
Dbcν [A] = δ
bc∂ν + gf
bdcAdν(x). (10)
B. Gauge Non-Invariant Spin and Orbital Angular Momentum of Yang-Mills
Field in Yang-Mills Theory From Gauge Non-Invariant Noether’s Theorem
Under rotation we find from eq. (7) the continuity equation
∂νJ
νλδ(x) = 0 (11)
where
J0νλ(x) =Mνλ(x) = −F 0λb(x)Aνb(x) + F 0νb(x)Aλb(x)− T 0ν(x)xλ + T 0λ(x)xν = Sνλ(x) + Lνλ(x)
(12)
is the angular momentum tensor of the Yang-Mills field which is not gauge invariant where
T νλ(x) is given by eq. (9).
The gauge non-invariant spin angular momentum tensor Sνλ(x) of the Yang-Mills field
from eq. (12) is given by
Sνλ(x) = −F 0λb(x)Aνb(x) + F 0νb(x)Aλb(x) (13)
which gives the gauge non-invariant spin angular momentum ~Sg of the Yang-Mills field
~Snon−invg =
∫
d3x ~Eb(x)× ~Ab(x) (14)
where ~Eb(x) is the chromo-electric field which is gauge covariant and ~Ab(x) is the Yang-Mills
vector potential which is not gauge invariant.
The gauge non-invariant orbital angular momentum tensor Lνλ(x) of the Yang-Mills field
from eq. (12) is given by
Lνλ(x) = −T 0ν(x)xλ + T 0λ(x)xν (15)
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where T νλ(x) is given by eq. (9) which is not gauge invariant. By using F bνλ(x) from eq. (4)
and Dbcν [A] from eq. (10) in (9) we find
T νλ(x) = F νσb(x)∂λAbσ(x) +
1
4
gνλF bσδ(x)F
σδb(x). (16)
Using eq. (16) in (15) we find that the gauge non-invariant definition of the orbital angular
momentum of the Yang-Mills field obtained from the gauge non-invariant Noether’s theorem
in Yang-Mills theory by using Lorentz transformation alone is given by
~Lnon−invg =
∫
d3x Ejb(x) ~r × ~∇Ajb(x). (17)
C. Gauge Non-Invariant Energy-Momentum Tensor of Quark in Yang-Mills The-
ory From Gauge Non-Invariant Noether’s Theorem
In Yang-Mills theory the lagrangian density L(x) of quark is given by
L =
1
2
ψ¯(x)[iγν(
−→
∂ ν − igT
bAbν(x))−m]ψ(x)−
1
2
ψ¯(x)[iγν(
←−
∂ ν + igT
bAbν(x)) +m]ψ(x) (18)
where ψi(x) is the Dirac field of the quark with color index i = 1, 2, 3. Note that the
suppression of the color index i of the Dirac field ψi(x) of the quark is understood in this
paper. Under infinitesimal Lorentz transformation the functional differential δψ(x) of the
quark field ψ(x) is given by
δψ(x) =
1
4i
ǫνλσ
νλψ(x)− δxν∂νψ(x)
δψ¯(x) = −
1
4i
ψ¯(x)ǫνλσ
νλ − δxν∂νψ¯(x) (19)
where
σνλ = −
1
2i
[γν , γλ]. (20)
Using Euler-Lagrangian equation one finds that the Noether’s theorem of the quark field in
Yang-Mills theory derived by using Lorentz transformation is given by
∂ν
1
2i
[
[δψ¯(x)]γνψ(x)− ψ¯(x)γνδψ(x)
]
= 0 (21)
which is not gauge invariant because δψ(x) and δψ¯(x) in eq. (19) are not gauge covariant.
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Under translation we find from eq. (21) the continuity equation
∂λT
λν(x) = 0 (22)
where
T νλ(x) = −
1
2i
ψ¯(x)[γν
−→
∂
λ
− γν
←−
∂
λ
]ψ(x) (23)
is the energy-momentum tensor of the quark in Yang-Mills theory which is not gauge invari-
ant.
D. Gauge Non-Invariant Orbital Angular Momentum of Quark in Yang-Mills
Theory From Gauge Non-Invariant Noether’s Theorem
Under rotation we find from eq. (21) the continuity equation
∂νJ
νλδ(x) = 0 (24)
where
J0νλ(x) =Mνλ(x) = Sνλ(x) + Lνλ(x), Sνλ(x) = S0νλ(x), Lνλ(x) = −T 0ν(x)xλ + T 0λ(x)xν
(25)
is the angular momentum tensor of the quark in Yang-Mills theory which is not gauge
invariant where T νλ(x) is given by eq. (23) and
4Sνλδ(x) = ψ¯(x){γν , σλδ}ψ(x). (26)
From eqs. (25) and (26) we find that the gauge invariant definition of the spin angular
momentum of the quark obtained from the gauge non-invariant Noether’s theorem in Yang-
Mills theory by using Lorentz transformation alone is given by
~Sq =
∫
d3x ψ†(x) ~Σ ψ(x). (27)
Similarly from eqs. (25) and (23) we find that the gauge non-invariant definition of the
orbital angular momentum of the quark obtained from the gauge non-invariant Noether’s
theorem in Yang-Mills theory by using Lorentz transformation alone is given by
~Lnon−invq =
∫
d3x ~r × [ψ†(x)[−i
−→
~∂ + i
←−
~∂ ]ψ(x)]. (28)
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Note that even if we started with the gauge invariant lagrangian density of the quark in eq.
(18) in Yang-Mills theory we still obtained gauge non-invariant orbital angular momentum
of the quark in eq. (28) in Yang-Mills theory. The reason behind this is that we have
derived eq. (28) from the Noether’s theorem by using the Lorentz transformation alone. On
the other hand when we use combined Lorentz transformation plus local non-abelian gauge
transformation to derive gauge invariant Noether’s theorem in Yang-Mills theory then we
will obtain the gauge invariant definition of the angular momentum of the quark, see eq.
(76).
E. Gauge Invariant Angular Momentum of Quark Plus Yang-Mills Field and
Lorentz Transformation in Yang-Mills Theory
In the Yang-Mills theory the Lagrangian density L(x) of the quark plus the Yang-Mills
field is given by
L =
1
2
ψ¯(x)[iγν(
−→
∂ ν − igT
bAbν(x))−m]ψ(x)−
1
2
ψ¯(x)[iγν(
←−
∂ ν + igT
bAbν(x)) +m]ψ(x)
−
1
4
F bνλ(x)F
νλb(x). (29)
Using Euler-Lagrangian equation one finds that the Noether’s theorem of the quark and
Yang-Mills field in Yang-Mills theory derived by using Lorentz transformation is given by
∂ν [
1
2i
[[δψ¯(x)]γνψ(x)− ψ¯(x)γνδψ(x)] + F νλb(x)δAbλ(x)]− δx
ν∂νL(x) = 0 (30)
where the lagrangian density L(x) is given by eq. (29).
Under translation we find from eq. (30) the equation
∂ν [F
νδb(x)F λbδ (x)− F
νδb(x)Dδ[A]A
λb(x) +
1
4
gνλF bδσ(x)F
δσb(x) +
i
2
ψ¯(x)[γν
−→
∂
λ
− γν
←−
∂
λ
]ψ(x)] = 0
(31)
which gives
∂ν [F
νδb(x)F λbδ (x)− ∂δ[F
νδb(x)Aλb(x)] + Aλb(x)∂δF
νδb(x)− F νδb(x)gf bdaAdδ(x)A
λa(x)
+
1
4
gνλF bδσ(x)F
δσb(x) +
i
2
ψ¯(x)[γν
−→
∂
λ
− γν
←−
∂
λ
]ψ(x)] = 0. (32)
Note from eq. (4) that F bνλ(x) is antisymmetric in ν ↔ λ. Hence we find from eq. (32)
∂ν [F
νδb(x)F λbδ (x) + A
λb(x)∂δF
νδb(x) + Aλb(x)gf bdaAdδ(x)F
νδa(x)
+
1
4
gνλF bδσ(x)F
δσb(x) +
i
2
ψ¯(x)[γν
−→
∂
λ
− γν
←−
∂
λ
]ψ(x)] = 0. (33)
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The Yang-Mills field equation in the presence of quark is given by [14]
Dλ[A]F
λνb(x) = gψ¯(x)T bγνψ(x). (34)
Hence from eqs. (33) and (34) we find the continuity equation
∂νT
νλ(x) = 0 (35)
where
T νλ(x) = F νδb(x)F λbδ (x) +
1
4
gνλF bδσ(x)F
δσb(x)
+
i
2
ψ¯(x)[γν(
−→
∂
λ
− igT bAλb(x))− γν(
←−
∂
λ
+ igT bAλb(x))]ψ(x). (36)
is the gauge invariant energy-momentum tensor of the quark plus the Yang-Mills field in
Yang-Mills theory which is gauge invariant.
Under rotation we find from eq. (30) the equation
∂ν [
1
2
Sνλδ(x) + xδ[F νσb(x)F λbσ (x)− F
νσb(x)Dσ[A]A
λb(x) +
1
4
gνλF bµσ(x)F
µσb(x)
+
i
2
ψ¯(x)[γν
−→
∂
λ
− γν
←−
∂
λ
]ψ(x)]− F νδb(x)Aλb(x)]ǫλδ = 0. (37)
From eq. (4) we find that F bνλ(x) is antisymmetric in ν ↔ λ. Hence we find
∂ν [x
δF νσb(x)∂σA
λb(x)ǫλδ] = −∂ν [x
δAλb(x)∂σF
νσb(x)ǫλδ]− ∂ν [F
νδb(x)Aλb(x)ǫλδ]. (38)
Using eq. (38) in (37) we find
∂ν [
1
2
Sνλδ(x) + xδ[F νσb(x)F λbσ (x)− A
λb(x)∂σF
σνb(x)− Aλb(x)gf bdaAdσ(x)F
σνa(x)
+
1
4
gνλF bµσ(x)F
µσb(x) +
i
2
ψ¯(x)[γν
−→
∂
λ
− γν
←−
∂
λ
]ψ(x)]]ǫλδ = 0. (39)
Using eq. (34) in (39) we find the continuity equation
∂νJ
νλδ(x) = 0 (40)
where
J0λδ(x) = Mµν(x) = S0λδ(x)− T 0λ(x)xδ + T 0δ(x)xλ (41)
is the gauge invariant angular momentum tensor of the quark plus the Yang-Mills field where
the gauge invariants Sνλδ(x) and T νλ(x) are given by eqs. (26) and (36) respectively.
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From eq. (41) we find that the gauge invariant angular momentum of the quark plus the
Yang-Mills field in the Yang-Mills theory is given by
~Jq+g =
∫
d3x [~r × [ ~Eb(x)× ~Bb(x)] + ~r × [ψ†(x)[−i
−→
~D + i
←−
~D ]ψ(x)] + ψ†(x) ~Σ ψ(x)]
(42)
which is gauge invariant where Djkν [A] is the covariant derivative in the fundamental repre-
sentation of SU(3) group as given by
Djkν [A] = δ
jk∂ν − igT
b
jkA
b
ν(x). (43)
It is useful to mention here that the T νλ(x) of the Yang-Mills field in eq. (9) is not gauge
invariant. Similarly the T νλ(x) of the quark in eq. (23) is not gauge invariant. However,
the T µν(x) of the quark plus the Yang-Mills field in eq. (36) is gauge invariant because
the gauge non-invariant part ∂µ[F
µλa(x)Dλ[A]A
ν(x)] in eq. (9) and the gauge non-invariant
part ∂µ[
i
2
ψ¯(x)[γµ
−→
∂
ν
− γµ
←−
∂
ν
]ψ(x)] in eq. (23) combine to give the gauge invariant part
∂µ[
i
2
ψ¯(x)[γµ(
−→
∂
ν
− igT aAνa(x)) − γµ(
←−
∂
ν
+ igAνa(x))]ψ(x)] in eq. (36) [see eqs. (33) -(36)
for details].
Since the T µν(x) in eq. (36) is gauge invariant it should also be obtained from the gauge
invariant Noether’s theorem by using combined Lorentz transformation plus the local gauge
transformation, see eq. (79). Similarly, since the ~Jq+g in eq. (42) is gauge invariant it
should also be obtained from the gauge invariant Noether’s theorem by using combined
Lorentz transformation plus the local gauge transformation, see eq. (83).
Note that
~Jq+g 6= ~L
non−inv
q +
~Sq + ~L
non−inv
g +
~Snon−invg (44)
[see eq. (98) for the proof] where ~Jq+g is the gauge invariant angular momentum of the
quark plus the Yang-Mills field as given by eq. (42), ~Sq is the gauge invariant spin angular
momentum of the quark in Yang-Mills theory as given by eq. (27), ~Lnon−invg is the gauge non-
invariant orbital angular momentum of the Yang-Mills field as given by eq. (17), ~Snon−invg
is the gauge non-invariant spin angular momentum of the Yang-Mills field as given by eq.
(14) and ~Lnon−invq is the gauge non-invariant orbital angular momentum of the quark in
Yang-Mills theory as given by eq. (28).
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III. GAUGE INVARIANT NOETHER’S THEOREM IN YANG-MILLS THEORY
USING COMBINED LORENTZ TRANSFORMATION PLUS LOCAL GAUGE
TRANSFORMATION
In the previous section we saw that when the Lorentz transformation alone is used to
derive the Noether’s theorem then we find the gauge non-invariant definition of the spin
angular momentum of the Yang-Mills field and the gauge non-invariant definition of the
orbital angular momentum of the Yang-Mills field. In this section we will use combined
Lorentz transformation plus local non-abelian gauge transformation to derive gauge invariant
Noether’s theorem in Yang-Mills theory which will predict the gauge invariant definition of
the angular momentum of the Yang-Mills field. In the next section we will derive the
gauge invariant definition of the angular momentum of the quark from the gauge invariant
Noether’s theorem in Yang-Mills theory.
A. Combined Lorentz Transformation Plus Non-Abelian Local Gauge Transfor-
mation in Yang-Mills Theory
The (infinitesimal) non-abelian local gauge transformation of the Yang-Mills potential
Abν(x) in SU(3) Yang-Mills theory is given by
Ab GTν (x) = A
b
ν(x) + gf
bdaAdν(x)ω
a(x) + ∂νω
b(x) = Abν(x) +Dν [A]ω
b(x) (45)
where fabc is the structure constant in the adjoint representation of SU(3) group, ωa(x) is
the space-time dependent gauge transformation parameter and the symbol GT means gauge
transformed. Under the non-abelian local gauge transformation of the Yang-Mills potential
Abν(x) as given by eq. (45) the Yang-Mills field tensor F
b
νλ(x) in eq. (4) transforms gauge
covariantly, i. e..
F a GTµν (x) = F
a
µν(x) + gf
abcωc(x)F bµν(x). (46)
The Lorentz transformation the Yang-Mills potential Abν(x) is given by
A′bν (x
′) =
∂xλ
∂x′ν
Abλ(x), A
′νb(x′) =
∂x′ν
∂xλ
Aλb(x) (47)
and the Lorentz transformation of the Yang-Mills field tensor F bνλ(x) is given by
F ′νλb(x′) =
∂x′ν
∂xδ
∂x′λ
∂xσ
F δσb(x), F ′bνλ(x
′) =
∂xδ
∂x′ν
∂xσ
∂x′λ
F bδσ(x), F
′νb
λ(x
′) =
∂x′ν
∂xδ
∂xσ
∂x′λ
F δbσ(x).
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(48)
Since the Yang-Mills field tensor F bνλ(x) is gauge covariant in eq. (48) but the the Yang-
Mills potential Abν(x) is not gauge covariant we find that the general transformation of
the Yang-Mills potential Abν(x) is a Lorentz transformation plus local non-abelian gauge
transformation given by
A′bν (x
′) =
∂xλ
∂x′ν
Abλ(x) + gf
baaAdν(x
′)Λa + ∂′νΛ
b. (49)
The functional differential δAbν(x) of the Yang-Mills potential A
b
ν(x) is given by
δAbν(x) = A
′b
ν (x
′)− Abν(x)− δx
λ∂λA
b
ν(x) (50)
Using eq. (49) in (50) and keeping terms up to order δ we find
δAbν(x) = Dν [A][Λ
b −Abλ(x)δx
λ]− δxλF bλν(x) (51)
where the covariant derivative Dbcν [A] in the adjoint representation of SU(3) is given by eq.
(10) and the Yang-Mills field tensor F bνλ(x) is given by eq. (4). Making the non-abelian
local gauge transformation on eq. (51) we find
δAb GTν (x) = D
GT
ν [A][Λ
b GT − Ab GTλ (x)δx
λ]− δxλF b GTλν (x). (52)
B. Derivation of Gauge Invariant Noether’s Theorem in Yang-Mills Theory
As mentioned earlier, the Noether’s theorem equation in eq. (7) is not gauge invariant
because the functional differential δAbν(x) as given by eq. (6) is not gauge covariant when the
Lorentz transformation is used alone. However, when the combined Lorentz transformation
plus local gauge transformation is used then it is possible to obtain the gauge covariant
functional differential δAbν(x). For δA
n
ν (x) to be gauge covariant we must have
δAb GTν (x) = δA
b
ν(x) + gf
bedωd(x)δAeν(x). (53)
Hence from eqs. (51), (53) and (52) we find
DGTν [A][Λ
b GT − Ab GTλ (x)δx
λ]− δxλF b GTλν (x)
= Dν [A][Λ
b − Abλ(x)δx
λ]− δxλF bλν(x) + gf
bedωd(x)[Dν [A][Λ
e −Aeλ(x)δx
λ]− δxλF eλν(x)]
(54)
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which by using eq. (45) and (46) gives
Dν [A][Λ
b(A+D[A]ω)− Λb(A)− δxλDλ[A]ω
b(x)]
+gf bda[Dν [A]ω
d(x)][Λa(A+D[A]ω)− Λa(A)− δxλDλ[A]ω
a(x)] = 0 (55)
which has a simple solution
Λb = Abλ(x)δx
λ (56)
which agrees with [16, 17]. From eqs. (56) and (51) we find
δAbν(x) = −δx
λF bλν(x) (57)
which is gauge covariant.
Hence by using eq. (57) in (7) we find
∂µ[−F
µνa(x)F aλν(x)δx
λ]− δxµ∂µL(x) = 0 (58)
which is the gauge invariant Noether’s theorem of the Yang-Mills field in Yang-Mills theory
where the Yang-Mills field lagrangian density L(x) is given by eq. (4).
C. Gauge Invariant Energy-Momentum Tensor of Yang-Mills Field From Gauge
Invariant Noether’s Theorem in Yang-Mills Theory
Under space-time translation we find from eq. (58) the continuity equation
∂νT
νλ(x) = 0 (59)
where
T νλ(x) = F νδb(x)F λbδ (x) +
1
4
gνλF bδσ(x)F
δσb(x) (60)
is the gauge invariant energy-momentum tensor of the Yang-Mills field in Yang-Mills theory.
In eq. (60) the non-abelian Yang-Mills field tensor F bνλ(x) is given by eq. (4).
Note that the gauge invariant energy-momentum tensor T νλ(x) of the Yang-Mills field
in eq. (60) is also symmetric. Hence we find that the Belinfante tensor is not necessary
to make the energy-momentum tensor of the Yang-Mills field in eq. (60) symmetric. The
gauge invariant and symmetric energy-momentum tensor T νλ(x) of the Yang-Mills field in
eq. (60) is obtained from the first principle by using the combined Lorentz transformation
plus non-abelian local gauge transformation without requiring the Belinfante tensor.
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D. Gauge Invariant Angular Momentum of Yang-Mills Field From Gauge Invari-
ant Noether’s Theorem in Yang-Mills Theory
Under rotation we find from eq. (58)
∂ν [T
νλ(x)xδ]ǫλδ = 0 (61)
where the gauge invariant and symmetric energy-momentum tensor T νλ(x) of the Yang-Mills
field in Yang-Mills theory is given by eq. (60). Note that ǫνλ is antisymmetric, i. e.,
ǫνλ = −ǫλν . (62)
Hence using eq. (62) in (61) we find the continuity equation
∂νJ
νλδ(x) = 0 (63)
where
J0νλ(x) = Mνλ(x) = T 0λ(x)xν − T 0ν(x)xλ (64)
is the angular momentum tensor of the Yang-Mills field which is gauge invariant because
T µν(x) is gauge invariant, see eq. (60).
From eq. (64) we find that the gauge invariant definition of the angular momentum of the
Yang-Mills field obtained from the gauge invariant Noether’s theorem by using combined
Lorentz transformation plus non-abelian local gauge transformation in the Yang-Mills theory
is given by
~Jg =
∫
d3x ~r × [ ~Eb(x)× ~Bb(x)]. (65)
IV. GAUGE INVARIANT NOETHER’S THEOREM OF QUARK IN YANG-
MILLS THEORY
In the previous section we have derived the gauge invariant Noether’s theorem of Yang-
Mills field by using combined Lorentz transformation plus local non-abelian gauge transfor-
mation in Yang-Mills theory and have obtained the gauge invariant definition of the angular
momentum of the Yang-Mills field. In this section we will extend this to quark in Yang-Mills
theory, i. e., we will derive the gauge invariant Noether’s theorem of the quark by using
combined Lorentz transformation plus local non-abelian gauge transformation in Yang-Mills
theory and will obtain the gauge invariant definition of the angular momentum of the quark.
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A. Combined Lorentz Transformation Plus Local Non-Abelian Gauge Transfor-
mation of Dirac Field of Quark in Yang-Mills Theory
The lagrangian density L(x) of the quark in the Yang-Mills theory is given by eq. (18).
The functional differential δψ(x) of the Dirac spinor ψ(x) of the quark in Yang-Mills theory
is given by
δψ(x) = ψ′(x′)− ψ(x)− δxλ∂λψ(x) (66)
The infinitesimal local non-abelian gauge transformation of the Dirac field ψ(x) of the
quark is given by
ψGT (x) = ψ(x) + igT bωb(x)ψ(x). (67)
The lagrangian density L(x) of the quark in the Yang-Mills theory in eq. (18) is gauge
invariant under the local non-abelian gauge transformations of the Yang-Mills field Abν(x)
and the quark field ψ(x) as given by eqs. (45) and (67) respectively.
Since the lagrangian density L(x) of the quark in the Yang-Mills theory in eq. (18) is
gauge invariant we find from eq. (49) that the combined Lorentz transformation plus local
non-abelian gauge transformation of the Dirac field ψ(x) of the quark in Yang-Mills theory
is given by
ψ′(x′) = ψ(x) +
1
4i
ǫνλσ
νλψ(x) + igT bΛbψ(x)
ψ¯′(x′) = ψ¯(x)−
1
4i
ψ¯(x)ǫνλσ
νλ − ψ¯(x)igT bΛb. (68)
B. Derivation of Gauge Invariant Noether’s Theorem of Quark in Yang-Mills
Theory
For Λb given by eq. (56) the functional differential of the Yang-Mills field δAbν(x) is gauge
covariant in eq. (57). From eqs. (68), (56) and (66) we find
δψ(x) =
1
4i
ǫνλσ
νλψ(x)− (δxν)(
−→
∂ ν − igT
bAbν(x))ψ(x)
δψ¯(x) = −
1
4i
ψ¯(x)ǫνλσ
νλ − ψ¯(x)(
←−
∂ ν + igT
bAbν(x))δx
ν (69)
which is gauge covariant.
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Hence by using eqs. (69) in (21) we find that the gauge invariant Noether’s theorem of
quark in Yang-Mills theory under combined Lorentz transformation plus local non-abelian
gauge transformation is given by
∂ν [
1
2
Sνλδ(x)ǫλδ −
i
2
(δxλ)ψ¯(x)γ
ν [
−→
∂
λ
− igT bAλb(x)]ψ(x) +
i
2
ψ¯(x)[
←−
∂
λ
+ igT bAλb(x)]γνψ(x)δxλ] = 0
(70)
where Sµνλ(x) is given by eq. (26) which is gauge invariant.
C. Gauge Invariant Energy-Momentum Tensor of Quark From Gauge Invariant
Noether’s Theorem in Yang-Mills Theory
Under translation we find from eq. (70) the continuity equation
∂νT
νλ(x) = 0 (71)
where
T νλ(x) =
i
2
ψ¯(x)[γν(
−→
∂
λ
− igT bAλb(x))− γν(
←−
∂
λ
+ igT bAλb(x))]ψ(x) (72)
is the energy-momentum tensor of the quark in Yang-Mills theory which is gauge invariant.
From eq. (72) we find that the gauge invariant definition of the energy-momentum ten-
sor T νλ(x) of the quark in Yang-Mills theory is obtained from the gauge invariant Noether’s
theorem by using combined Lorentz transformation plus local non-abelian gauge transfor-
mation.
D. Gauge Invariant Angular Momentum of Quark From Gauge Invariant
Noether’s Theorem in Yang-Mills Theory
Under rotation we find from eq. (70) the continuity equation
∂νJ
νλδ(x) = 0 (73)
where
J0νλ(x) =Mνλ(x) = S0νλ(x)− T 0ν(x)xλ + T 0λ(x)xν (74)
16
is the gauge invariant angular momentum tensor of the quark in Yang-Mills theory where
the gauge invariants Sνλδ(x) and T νλ(x) are given by eqs. (26) and (72) respectively.
From eq. (74) we find that the gauge invariant definition of the spin angular momentum
of the quark in Yang-Mills theory is given by
~Sq =
∫
d3x ψ†(x) ~Σ ψ(x) (75)
and the gauge invariant definition of the orbital angular momentum of the quark in Yang-
Mills theory is given by
~Lq =
∫
d3x [~r × [ψ†(x)[−i
−→
~D + i
←−
~D ]ψ(x)]] (76)
where Djkν [A] is the covariant derivative in the fundamental representation of SU(3) group
as given by eq. (43).
Hence we find that, unlike the gauge non-invariant orbital angular momentum ~Lnon−invq
in eq. (28) which was derived from gauge non-invariant Noether’s theorem by using Lorentz
transformation alone, the gauge invariant definition of the orbital angular momentum ~Lq of
the quark in eq. (76) in Yang-Mills theory is derived from the gauge invariant Noether’s
theorem by using combined Lorentz transformation plus local non-abelian gauge transfor-
mation.
V. GAUGE INVARIANT NOETHER’S THEOREM OF QUARK PLUS YANG-
MILLS FIELD IN YANG-MILLS THEORY
In the section III we have derived the gauge invariant Noether’s theorem of Yang-Mills
field by using combined Lorentz transformation plus local non-abelian gauge transforma-
tion in Yang-Mills theory and have obtained the gauge invariant definition of the angular
momentum of the Yang-Mills field. Similarly in the section IV we have derived the gauge
invariant Noether’s theorem of the quark by using combined Lorentz transformation plus
local non-abelian gauge transformation in Yang-Mills theory and have obtained the gauge
invariant definition of the angular momentum of the quark. In this section we will derive the
gauge invariant Noether’s theorem of the quark plus the Yang-Mills field by using combined
Lorentz transformation plus local non-abelian gauge transformation in Yang-Mills theory
and will obtain the gauge invariant definition of the angular momentum of the quark plus
the Yang-Mills field.
17
The gauge invariant lagrangian density of the quark plus the Yang-Mills field in Yang-
Mills theory is given by eq. (29). Under combined Lorentz transformation plus local non-
abelian gauge transformation in Yang-Mills theory the gauge covariant functional differential
of the Yang-Mills field δAbν(x) is given by eq. (57) and the gauge covariant functional
differential of the quark field δψ(x) is given by eq. (69).
Hence by using eqs. (57) and (69) in eq. (30) we find that the gauge invariant Noether’s
theorem of the quark plus the Yang-Mills field in Yang-Mills theory is given by
∂ν [
1
2
Sνλδ(x)ǫλδ −
i
2
(δxλ)ψ¯(x)γ
ν [
−→
∂
λ
− igT bAλb(x)]ψ(x) +
i
2
ψ¯(x)[
←−
∂
λ
+ igT bAλb(x)]γνψ(x)δxλ
−F νλb(x)F bδλ(x)δx
δ]− δxν∂νL(x) = 0 (77)
where the gauge invariant lagrangian density L(x) of the quark plus the Yang-Mills field is
given by eq. (29).
A. Gauge Invariant Energy-Momentum Tensor of Quark Plus Yang-Mills Field
From Gauge Invariant Noether’s Theorem in Yang-Mills Theory
Under translation we find from eq. (77) the continuity equation
∂νT
νλ(x) = 0 (78)
where
T νλ(x) = F νδb(x)F λbδ (x) +
1
4
gνλF bδσ(x)F
δσb(x)
+
i
2
ψ¯(x)[γν(
−→
∂
λ
− igT bAλb(x))− γν(
←−
∂
λ
+ igT bAλb(x))]ψ(x). (79)
is the energy-momentum tensor of the quark plus the Yang-Mills field in Yang-Mills theory
which is gauge invariant.
From eq. (79) we find that the gauge invariant definition of the energy-momentum
tensor T νλ(x) of the quark plus the Yang-Mills field in Yang-Mills theory is obtained from
the gauge invariant Noether’s theorem by using combined Lorentz transformation plus local
non-abelian gauge transformation.
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B. Gauge Invariant Angular Momentum of Quark Plus Yang-Mills Field From
Gauge Invariant Noether’s Theorem in Yang-Mills Theory
Under rotation we find from eq. (77) the continuity equation
∂νJ
νλδ(x) = 0 (80)
where
Jνλδ(x) = Sνλδ(x)− T νλ(x)xδ + T νδ(x)xλ (81)
which gives
Mλδ(x) = J0λδ(x) = S0λδ(x)− T 0λ(x)xδ + T 0δ(x)xλ (82)
which is the gauge invariant angular momentum tensor of the quark plus the Yang-Mills
field in Yang-Mills theory where the gauge invariants Sνλδ(x) and T νλ(x) are given by eqs.
(26) and (79) respectively.
From eq. (81) we find that the gauge invariant definition of the angular momentum of
the quark plus the Yang-Mills field in the Yang-Mills theory is given by
~Jq+g =
∫
d3x [~r × [ ~Eb(x)× ~Bb(x)] + ~r × [ψ†(x)[−i
−→
~D + i
←−
~D ]ψ(x)] + ψ†(x) ~Σ ψ(x)]
= ~Jg + ~Lq + ~Sq (83)
where ~Jg is the gauge invariant angular momentum of the Yang-Mills field as given by eq.
(65), ~Lq is the gauge invariant orbital angular momentum of the quark in Yang-Mills theory
as given by eq. (76) and ~Sq is the gauge invariant spin angular momentum of the quark in
Yang-Mills theory as given by eq. (75).
From eq. (83) we find that the gauge invariant definition of the angular momentum ~Jq+g of
the quark plus the Yang-Mills field in Yang-Mills theory is obtained from the gauge invariant
Noether’s theorem by using combined Lorentz transformation plus local non-abelian gauge
transformation.
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VI. SYMMETRIC AND GAUGE INVARIANT ENERGY-MOMENTUM TEN-
SOR OF QUARK PLUS YANG-MILLS FIELD IN YANG-MILLS THEORY WITH-
OUT BELINFANTE-ROSENFELD TENSOR
Note that the energy momentum-tensor T νλ(x) of the quark plus the Yang-Mills field in
eq. (79) in Yang-Mills theory is gauge invariant but is not symmetric. First of all note from
eqs. (80) and (81) that
∂ν [T
νδ(x)xλ − T νλ(x)xδ] 6= 0, but ∂νJ
νλδ(x) = 0 (84)
which implies that the gauge invariant energy-momentum tensor T νλ(x) of the quark plus
the Yang-Mills field in eq. (79) in Yang-Mills theory is not required to be symmetric to
obtain the continuity equation of the 3-rd rank total angular momentum momentum tensor
Jνλδ(x) of the quark plus the Yang-Mills field in Yang-Mills theory.
It is often argued in the literature that the Belinfante-Rosenfeld tensor is required to
make the energy momentum-tensor symmetric. However, we will show in this section that
the gauge invariant and symmetric energy momentum-tensor of the quark plus the Yang-
Mills field can be obtained in Yang-Mills theory without requiring the Belinfante-Rosenfeld
tensor. This can be shown as follows.
From the gauge invariant lagrangian density of the quark plus the Yang-Mills field in eq.
(29) we find by using the Euler-Lagrange equation in Yang-Mills theory the following Dirac
equation for the quark field
iγδ
−→
∂ δψ(x) = [m− gT
bγδAbδ(x)]ψ(x),
ψ¯(x)
←−
∂ δiγ
δ = −ψ¯(x)[m− gT bγδAbδ(x)]. (85)
Using the eq. (85) in (79) and utilizing the algebra of the Dirac matrices we find
T λν(x)− T νλ(x) = ∂δ[
1
4
ψ¯(x){γδ, σνλ}ψ(x)]. (86)
Simplifying the algebra of the Dirac matrices we obtain the following antisymmetric relations
{γδ, σνλ} = −{γδ, σλν}, {γδ, σνλ} = −{γλ, σνδ}, {γδ, σνλ} = −{γν , σδλ}.
(87)
From eq. (87) we find that the 3-rd rank spin angular momentum tensor ψ¯(x){γδ, σνλ}ψ(x)
of the quark is antisymmetric with respect to the indices δ ↔ ν, δ ↔ λ and ν ↔ λ which
20
implies that
∂ν∂δ[ψ¯(x){γ
δ, σνλ}ψ(x)] = ∂λ∂δ[ψ¯(x){γ
δ, σνλ}ψ(x)] = ∂ν∂λ[ψ¯(x){γ
δ, σνλ}ψ(x)] = 0.
(88)
By writing eq. (78) as
∂νT
νλ(x) = ∂ν [
1
2
T νλ(x) +
1
2
T λν(x) +
1
2
T νλ(x)−
1
2
T λν(x)] = 0 (89)
and then utilizing eqs. (86), (88) and (79) in eq. (89) we find the continuity equation
∂νT
νλ
S (x) = 0 (90)
where T µνS (x) is the symmetric and gauge invariant energy-momentum tensor of the quark
plus the Yang-Mills field in Yang-Mills theory which is given by
T νλS (x) = F
νδb(x)F λbδ (x) +
1
4
gνλF bδσ(x)F
δσb(x)
+
i
4
ψ¯(x)[γν(
−→
∂
λ
− igT bAλb(x)) + γλ(
−→
∂
ν
− igT bAνb(x))
−γν(
←−
∂
λ
+ igT bAλb(x))− γλ(
←−
∂
ν
+ igT bAνb(x))]ψ(x). (91)
From eq. (91) we find
∂νJ
νλδ(x) = ∂ν [T
νδ
S (x)x
λ − T νλS (x)x
δ] = 0 (92)
which shows that the symmetric and gauge invariant energy-momentum tensor T νλS (x) of
the the quark plus the Yang-Mills field in Yang-Mills theory in eq. (91) can be obtained
from the gauge invariant Noether’s theorem by using combined Lorentz transformation plus
local non-abelian gauge transformation without requiring Belinfante-Rosenfeld tensor.
Hence we find from eqs. (91) and (92) that the Belinfante-Rosenfeld tensor is not neces-
sary in Yang-Mills theory to obtain the symmetric and gauge invariant energy-momentum
tensor of the the quark plus the Yang-Mills field in Yang-Mills theory.
VII. NON-VANISHING BOUNDARY SURFACE TERM AND NON-EXISTENCE
OF GAUGE INVARIANT SPIN AND ORBITAL ANGULAR MOMENTUM OF
YANG-MILLS FIELD
Eq. (83) is the gauge invariant definition of the angular momentum of the quark plus
the Yang-Mills field in Yang-Mills theory derived from the first principle, i. e., by using
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combined Lorentz transformation plus local non-abelian gauge transformation. Using eq.
(34) in (83) we find
~Jq+g = ~Jg + ~Lq + ~Sq =
∫
d3x [~r × [ ~Eb(x)× ~Bb(x)] + ~r × [ψ†(x)[−i
−→
~D + i
←−
~D ]ψ(x)] + ψ†(x) ~Σ ψ(x)]
=
∫
d3x [ ~Eb(x)× ~Ab(x) + Ejb(x) ~r × ~∇Ajb(x) + ~r × [ψ†(x)[−i
−→
~∂ + i
←−
~∂ ]ψ(x)] + ψ†(x) ~Σ ψ(x)]
−
∫
d3x ∂j [E
jb(x) ~r × ~Ab(x)]. (93)
In Yang-Mills theory the Yang-Mills potential (the color potential) Aνb(x) produced at xν
by the quark in motion at Xν(τ) with four-velocity uν(τ) = dX
ν(τ)
dτ
is given by [18, 19]
Abν(x) =
uν(τ0)
s
qc(τ0)[
eg
∫
ds
Q(τ0)
s − 1
g
∫
ds
Q(τ0)
s
]bc, s = u(τ0) · (x−X(τ0)),
Qbc(τ0) = f
bcdqd(τ0), (x−X0(τ0))
2 = 0 (94)
where qb(t) is the time dependent fundamental color charge of the quark. Similarly the
SU(3) pure gauge potential Aνbpure(x) in Yang-Mills theory is given by [18, 19]
Aνbpure(x) =
βνc
sc
qd(τ0)[
eg
∫
dsc
Q(τ0)
sc − 1
g
∫
dsc
Q(τ0)
sc
]bd, β
2
c = 0, sc = βc · (x−X(τ0)). (95)
Because of the form in eq. (94) [which, unlike Maxwell theory, is not inversely proportional
to distance] we find the non-vanishing boundary surface term
∫
d3x ∂j [E
jb(x) ~r × ~Ab(x)] 6= 0 (96)
in Yang-Mills theory which implies that for angular momentum the boundary surface term
in eq. (93) does not vanish in the Yang-Mills theory.
From eqs. (96) and (93) we find
~Jq+g = ~Jg + ~Lq + ~Sq =
∫
d3x [~r × [ ~Eb(x)× ~Bb(x)] + ~r × [ψ†(x)[−i
−→
~D + i
←−
~D ]ψ(x)] + ψ†(x) ~Σ ψ(x)]
6=
∫
d3x [ ~Eb(x)× ~Ab(x) + Ejb(x) ~r × ~∇Ajb(x) + ~r × [ψ†(x)[−i
−→
~∂ + i
←−
~∂ ]ψ(x)] + ψ†(x) ~Σ ψ(x)]
(97)
which gives
~Jq+g = ~Lq + ~Sq + ~Jg 6= ~L
non−inv
q +
~Sq + ~L
non−inv
g +
~Snon−invg (98)
where ~Jq+g is the gauge invariant angular momentum of the quark plus the Yang-Mills field
as given by eq. (83), ~Jg is the gauge invariant angular momentum of the Yang-Mills field
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as given by eq. (65), ~Lq is the gauge invariant orbital angular momentum of the quark in
Yang-Mills theory as given by eq. (76), ~Sq is the gauge invariant spin angular momentum
of the quark in Yang-Mills theory as given by eq. (75), ~Lnon−invg is the gauge non-invariant
orbital angular momentum of the Yang-Mills field as given by eq. (17), ~Snon−invg is the gauge
non-invariant spin angular momentum of the Yang-Mills field as given by eq. (14) and
~Lnon−invq is the gauge non-invariant orbital angular momentum of the quark in Yang-Mills
theory as given by eq. (28).
Hence, as opposed to various gauge invariant (and gauge non-invariant) definition of the
spin angular momentum of the Yang-Mills field in the literature [2, 10–13], we find from eq.
(98) that the notion of the gauge invariant definition of the orbital angular momentum ~Lg
of the Yang-Mills field and the notion of the gauge invariant definition of the spin angular
momentum ~Sg of the Yang-Mills field do not exist from the first principle in Yang-Mills
theory because of the non-vanishing boundary surface term [see eq. (96)] in Yang-Mills
theory although the definition of the gauge invariant orbital angular momentum ~Lq of the
quark and the definition of the gauge invariant spin angular momentum ~Sq of the quark
exist from the first principle in Yang-Mills theory.
VIII. CONCLUSIONS
The gauge invariant definition of the spin dependent gluon distribution function from
first principle is necessary to study the proton spin crisis at high energy colliders. In this
paper we have derived the gauge invariant Noether’s theorem in Yang-Mills theory by using
combined Lorentz transformation plus local non-abelian gauge transformation. We have
found that the definition of the gauge invariant spin (or orbital) angular momentum of the
Yang-Mills field does not exist in Yang-Mills theory although the definition of the gauge
invariant spin (or orbital) angular momentum of the quark exists.
We have shown that the gauge invariant definition of the spin angular momentum of the
Yang-Mills field in the literature [2, 10–13] is not correct because of the non-vanishing bound-
ary surface term in Yang-Mills theory. We have also found that the Belinfante-Rosenfeld
tensor in Yang-Mills theory is not required to obtain the symmetric and gauge invariant
energy-momentum tensor of the quark and the Yang-Mills field.
Note that in addition to heavy-ion collisions at RHIC to study quark-gluon plasma [20–
23
22] the RHIC experiment involves polarized proton-proton collisions at high energy to study
proton spin physics [5, 6] and to extract spin dependent gluon distribution function inside
the proton. From this point of view the study of the gauge invariant definition of the spin
dependent gluon distribution function at high energy coliders is necessary, especially when
we have shown in this paper that we do not have a gauge invariant definition of the spin
dependent gluon distribution function inside the proton in QCD at high energy colliders
from the first principle.
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